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Abstract. Tournament is a widespread tool for organizing competition and 

identifying the most effective agent. We study single- and double- elimination tournaments 

with heterogeneous players of two types: several regular players and a unique superstar. Players 

simultaneously choose efforts in each match, winning with a probability calculated with the 

Tullock success function, the costs are linear with respect to player’s efforts. We consider well-

known designer’s objective functions, i. e. the total efforts associated with the performance of 

the tournament and the probability of winning the strongest player, and introduce the novel 

weighted composed function accounting for various related organizer costs. Analysis shows that 

a double- elimination tournament is less profi table in most cases, except when the tournament 

organizer is concerned about the probability that the superstar wins the tournament. Special 

attention is paid to the case of an extremely strong superstar. It is shown that attracting such 

a player is suboptimal for the organizer, both due to the large payments to this player, which 

increase with his strength, and due to the strategic demotivation of other tournament participants 

from exerting high effort, which reduces the overall entertainment value of the tournament. The 

study is valuable for organizers of various tournaments, as it allows them to choose the optimal 

tournament format and predict its relationship with future entertainment value.
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1. Introduction
Within the realm of competitive sports, tournaments serve as pivotal platforms 

for identifying superior athletes or teams. Nevertheless, the makeup of participating 

individuals substantially infl uences the outcomes of such competitions. Given that 

this domain constitutes an extensive economic sector, tournament organizers strive to 

implement mechanisms aimed at maximizing fi nancial gains from these events.

A prevalent strategy by tournament and league organizers to enhance both 

entertainment value and overall performance involves inviting renowned superstars. 

Such well-established players typically captivate large audiences, thereby increasing fan 

engagement. Organizers frequently secure the participation of celebrities in exhibi-

tion matches to accomplish several objectives. Primarily, these events garner consider-

able spectatorship, underscoring the profound public fascination with such contests. 

A notable instance occurred in South Africa, where a tennis match established a global 

1 The article was prepared within the framework of the HSE University Basic Research Program.
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record for attendance, drawing nearly 51,000 spectators 2. This exemplifi es how these 

events generate broad media coverage and yield substantial revenue via ticket sales, 

merchandise, and sponsorships. Additionally, beyond attracting their own followers, 

star performers are anticipated to infl uence the performances of fellow competitors, 

fostering heightened competition throughout the tournament.

Players’ performances in tournaments are signifi cantly infl uenced by the spe-

cifi c regulations governing them; consequently, another potent tool for organizers is 

manipulating the tournament format. One prominent example is found in professional 

tennis, where the predominant format adopted across major competitions is single 

elimination. Under this system, any defeat results in immediate disqualifi cation from 

further competition. All four Grand Slam events — the Australian Open, Roland Garros, 

Wimbledon, and US Open — as well as numerous stages of both the Association of 

Tennis Professionals (ATP) Tour and Women’s Tennis Association (WTA) Tour adhere 

to this format. Its implementation heightens competitive intensity and introduces an 

element of uncertainty since each match assumes critical importance. Nevertheless, 

alternative formats also exist. Notably, the Nitto ATP Finals (previously referred to as 

the Tennis Masters Cup) integrates dual systems. Here, eight participants are initially 

grouped into two quartets, engaging in round- robin play against fellow members within 

their respective divisions. Following these preliminary rounds, the leading two from 

each grouping progress to semi-fi nals conducted under traditional single- elimination 

protocols, culminating in a championship employing identical methodology.

Another notable tournament confi guration is the double- elimination format, 

frequently used in the realm of electronic sports (eSports). A prime illustration can 

be observed in the evolution of the popular esports title Dota 2, which underwent sig-

nifi cant structural modifi cations over recent years. Initially, commencing in 2017, the 

principal annual event, The International, expanded its participant roster from 16 

to 18 teams — a change coinciding with substantial growth in its prize pool, reaching 

$24.78 million in 2017 compared to $20.77 million in 2016. Additionally, it bears men-

tioning that the majority of the tournament’s funding (over 95%) is sourced through 

community contributions via purchases of in-game merchandise. A second innovation 

happened in 2016 when, alongside The International, Valve introduced three minor 

championships termed “Majors”. These secondary tournaments awarded participating 

teams additional qualifi cation points beyond monetary rewards, enhancing their pros-

pects of securing spots in subsequent iterations of The International. Early editions 

of Majors employed a round- robin format; however, later adjustments included invita-

tions extended to four additional teams in the Manila Major, which competed in the 

group stage followed by a double- elimination bracket for determining winners.

The examples above illustrate that tournament organizers might opt for dif-

ferent tournament structures. This paper presents a framework that elucidates these 

preferences. It posits that Dota 2 esports event organizers tend to favor competitions 

featuring a substantial number of games because their operational expenses are rel-

atively low, thereby enabling increased profi tability through extensive broadcasting. 

Conversely, traditional sports such as tennis impose stricter constraints on organizers, 

leading them to incline towards events with fewer matches maximising profi t through 

more intensive competition.

2 “When Roger Federer and Rafael Nadal shattered tennis attendance records at The Match in Africa’”. Retrieved from 

https://www.tennis.com/baseline/articles/roger- federer-rafael- nadal-shattered- tennis-attendance- records-the-match-in-africa- 

foundation-exhibition
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The above illustrations underscore the necessity of conducting thorough 

preemptive analyses regarding the ramifi cations arising from alterations in tourna-

ment institutions, particularly when such transformations involve the participation 

of a superstar athlete. Within this study, attention focuses on identifying the optimal 

tournament format that maximizes profi tability for organizers and establishing the 

conditions under which engagement of a superstar proves advantageous. Two pivotal 

considerations emerge: fi rst, the composition of competitors involved in the tour-

nament; second, the incentives imposed upon athletes through various elimination 

mechanisms. To simulate the impact of incorporating an exceptionally strong compet-

itor, commonly referred to as a superstar, we introduce asymmetry in prize allocation, 

whereas effort- related expenses remain uniformly distributed among participants. 

Our analytical framework incorporates both a superstar and a cohort of standard- level 

competitors, although heterogeneity subsequently emerges due to the infl uence of the 

seeding procedure. Naturally, weaker contenders paired with similarly ranked peers 

fi nd themselves in comparatively favorable positions relative to those situated along-

side stronger adversaries.

Participants’ motivation levels are inherently shaped by the organizational 

principles underlying a given tournament. Specifi cally, we examine two distinct knock-

out formats: Single Elimination Tournament (SET), characterized by instantaneous 

removal following initial defeat, and Double Elimination Tournament (DET), grant-

ing defeated players a reprieve through relegation to a consolation bracket. While 

the SET incentivizes maximum exertion from competitors owing to the irreversible 

nature of failure, inherent stochasticity in outcome probabilities occasionally leads to 

unexpected upsets, including defeats involving highly skilled athletes (“superstars”). 

Conversely, DET mitigates the risk associated with random fl uctuations, providing 

greater fairness as consecutive losses become increasingly improbable for genuinely 

superior performers. Despite these advantages, direct comparisons between these for-

mats prove challenging due to disparities in the total number of rounds necessitated 

by each design.

This study synthesizes the previously discussed elements into a tournament 

model encompassing four participants, inclusive of a dominant player. Both single- 

elimination and double- elimination formats are rigorously analyzed and evaluated 

based on multiple dimensions: total efforts, average efforts expended per match, prob-

ability of tournament victory by the exceptional performer (“superstar”), and an inte-

grated metric combining performance- based gains and organizational expenditures, 

specifi cally accounting for overall fi xed costs, incremental match costs, and investment 

required to attract the superstar contingent upon their caliber.

Our fi ndings indicate that in a double- elimination setup featuring four compet-

itors, total efforts surpass those observed in corresponding single- elimination scenarios 

provided the superstar’s skill does not exceed a certain threshold. This discrepancy pri-

marily arises from the increased number of matches, offsetting reduced individualized 

effort outputs per contest. By contrast, single- elimination framework elicits markedly 

elevated effort levels per individual match.

An interesting observation is that if the superstar is overqualifi ed, i. e. her val-

uation of prize is more than 2.1 times greater than that of regular players, even the 

total efforts in double- elimination tournament are lower. This dramatic difference in 
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strengths, together with the rules giving the superstar a second chance, makes her vic-

tory almost deterministic, such that the further growth of efforts doesn’t make sense.

The novel criterion of tournament effi ciency incorporates the expense associ-

ated with attracting a superstar and formulates it as an initial stage optimization chal-

lenge aimed at determining the ideal level of superstar strength within a specifi ed for-

mat. Illustrative numerical cases reveal how weight allocation among various costs and 

perceptions regarding attraction mechanisms impact both the selection of the most 

suitable knockout tournament structure and the appropriate caliber of the invited star 

performer. Consequently, while overqualifi ed stars are consistently suboptimal in all 

formats, their precise optimum qualifi cation varies depending on the specifi c tourna-

ment confi guration.

Given that a double- elimination tournament necessitates more games com-

pared to its single- elimination counterpart for four participants, we additionally inves-

tigate an alternate setup featuring eight contestants engaged in single elimination. Our 

fi ndings indicate that such a design could serve as a viable substitute solely if the organ-

izer’s primary concern revolves exclusively around optimizing aggregate effort expend-

iture. Conversely, formats accommodating four competitors prove to be superior across 

all remaining performance metrics.

In summary, our research presents a thorough examination of two distinct 

knockout tournament formats, offering organizers a robust foundation for selecting 

the most advantageous layout tailored to their needs. The varied criteria employed ren-

der these insights applicable to diverse organizational goals and levels of prominence 

attributed to the featured superstars. We contend that even marginal enhancements in 

performance — given the substantial fi nancial investments involved in sporting events — 

can yield signifi cant contributions to the economics of tournaments.

Sections 2 provides the literature review and clarifi es the contribution of the 

current study. Section 3 presents the framework of single- and double- elimination 

knockout tournaments with four players and gives some insights for their analysis. 

Section 4 deals with various designer objective functions and compares two formats. 

Section 5 considers the option of attracting more participants. In Conclusion we briefl y 

discuss the potential application of the results.

2. Literature review

2.1. Prize distribution and performance in tournaments

The seminal work by (Lazear, Rosen, 1981), considering only one match 

between two players, shows that the total efforts of the players increase with the growth 

of the prize fund. Moreover, they prove that not the absolute value of the prize, but 

the difference between prizes, generates this result. The allocation of the whole prize 

fund to the fi rst place was proven to be optimal also for the round- robin tournaments 

(Krumer, Megidish, Sela, 2017) with similar players as well as for knockout tourna-

ments. Moldovanu B. and Sela A. (Moldovanu, Sela, 2001) show that it is a general opti-

mal allocation for the model with linear costs to choose only the fi rst- place prize. Since 

the total amount of prize fund is fi xed and limited, and the difference in the values of 

winning and loss infl uences the optimal player effort, then maximizing this difference 
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leads to the boundary solution for intensifying the efforts, and consequently, the total 

efforts. We use this insight and consider the tournaments with the fi rst- place prize only.

Another related problem of tournament design concerns the estimation of its 

effi ciency. Researchers often choose total efforts as the objective function (Szymanski, 

2003). The author reviews articles on competitions in sports and also combines differ-

ent approaches to team and individual sports.

As an alternative, the tournament designer may care about the competitiveness 

or fairness of the tournament, the probability of the strongest player winning, or the 

probability of a fi nal between the two strongest players (Groh et al., 2012). Maximizing 

each of these indicators entails the problem of the optimal tournament design. Groh 

C. with coauthors (Groh et al., 2012) focuses on comparing various seedings at the 

single- elimination tournament with 4 heterogeneous players. They develop how the 

starting seeding affects each of these indicators and which seeding maximizes differ-

ent organizer’s objective functions. We borrow the fi ndings of (Groh et al., 2012) and 

adopt formulas to the setting with the unique superstar in the single- elimination tour-

nament. In our setting all seedings are equivalent, but the players inside the seeding 

are heterogeneous in their starting position, and thus, having the same valuation of the 

fi nal prize, put different efforts in equilibrium.

2.2. Choice among tournament formats

While single- elimination tournaments are more elaborated theoretically, their 

alternative with the elimination after a second defeat is analyzed poorly. Whithin the 

single- elimination tournament theory, we mention (Grandstein, Konrad, 1999; Stracke, 

2013) which developed how many rounds should be and how large they are to be for the 

better performance. Huang L. (Huang, 2016) considers 4-player double- elimination 

knockout tournaments with homogeneous participants analytically. He compares the 

two formats (SET and DET) in the sum of all-round efforts, and concludes that the 

double- elimination tournament has a higher sum. In our paper, we extend this conclu-

sion and show that, in a double- elimination tournament with heterogeneous players, 

the total efforts are higher in the case of not too strong superstar. However, these two 

formats need a different number of matches for the same number of players, which 

is associated with higher organizational costs for the double- elimination format. This 

motivates us to pay an additional attention to the comparison of normalized efforts too.

Deck C. and Kimbrough E. O. (Deck, Kimbrough, 2015) explore single- and 

double- elimination tournaments using the all-pay auction as a probability of winning 

the match. They demonstrate that only the fi nal rounds, in which players put in non-

zero efforts, are signifi cant. With the help of experiments, they confi rm their results and 

show that reality is not far from the theory. In our model with the G. Tullock (Tullock, 

1980) success function, the importance of the fi nal round for players also remains, and 

the efforts there are the largest. However, we show additionally that the players put in 

non-zero efforts in all previous rounds.

Chen B., Jiang X. and Wang Z. (Chen, Jiang, Wang, 2021) explore the infl u-

ence of “psychological momentum” in single- and double- elimination tournaments 

with a Tullock success function. Psychological momentum is the state of a player after 

the previous game; it can be positive after a victory and negative after a defeat. The state 
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can be expressed in the degree of motivation for the next game, the will to win etc. The 

authors show that, for negative and positive momentum, the average amount of efforts 

per match is greater in a single- elimination tournament. In our work, we confi rm this 

conclusion for players without psychological momentum.

The extended survey on the systematical approach to the tournament design is 

presented in a recent paper (Devriesere, Csató, Goossens, 2024). Though many studies 

were devoted to analysis of different effi ciency criteria, the most widely used among 

them (in our research too) is total efforts maximization. In single- elimination tourna-

ments, our study differs in the special focus of the infl uence of the unique asymmet-

ric player, i. e. the superstar, and the resulting affects equilibrium behavior of all. In 

double- elimination tournaments, the theoretical analysis of asymmetric players contest 

has not done yet, and only some limited simulation results were obtained about its total 

efforts effi ciency.

2.3. Infl uence of superstars

Usually, the presence of a superstar is determined by a large dispersion in 

incomes in the labor market. Such a disproportion arises due to absolute substituta-

bility and increasing returns on talent (Rosen, 1981). In the entertainment industry, 

regardless of the number of consumers, the cost of a superstar is about the same. Sports 

industry superstars showed an increased revenue (Hausman, Leonard, 1997). At the 

same time, both the attractiveness of a superstar (Mullin, Dunn, 2002) and her perfor-

mance (Berri, Scmidt, Brook, 2004; Berri, Schmidt, 2006) can affect profi tability. For 

example, Brandes L., Franck, E. and Nüesch S. (Brandes, Franck, Nüesch 2008) show 

that superstars attract fans to the stadiums of their players in German soccer, while local 

teams attract local fans with their popularity.

There is a lack of agreement on how a superstar’s presence infl uences the 

performance of other athletes. For example, in track and fi eld, Usain Bolt’s presence 

is linked to quicker times and an increased chance of average runners achieving per-

sonal bests. However, this infl uence lessens for faster runners and diminishes as the 

event continues (Hill, 2014). In contrast, in sports like golf and alpine skiing, there is 

little credible evidence that a superstar’s presence meaningfully impacts the perfor-

mance of top competitors, indicating that it does not signifi cantly change their results 

(Babington, Goerg, Kitchens, 2019; Brown, 2011). In chess, the immediate impact of 

a superstar is generally negative, but the indirect effect can be positive if the skill gap 

between the superstar and the other players is narrow. Conversely, a signifi cant skill 

disparity leads to a negative indirect effect (Bilen, Matros, 2023). It turns out that the 

effect may be different in different sports.

The negative effect of superstardom, however, can be explained through the 

discouragement effect. In sport, the discouragement effect refers to the tendency for 

athletes or teams that are falling behind in a competition to reduce their effort or 

performance, often because they believe their chances of winning diminished. This 

phenomenon was observed in various sporting contexts, such as tennis and biathlon, 

where underperforming athletes are more likely to reduce their effort, especially when 

there is little at stake or when the gap to the leaders becomes insurmountable (Iqbal, 

Krumer, 2019). In some cases, individual differences or psychological resilience may 
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actually cause discouragement to motivate greater effort and improved performance, 

as some athletes respond to setbacks with greater determination (Gonzalo- Skok et al., 

2018). Furthermore, the discouragement effect is infl uenced by the competition struc-

ture and the degree of heterogeneity among participants, with some models showing 

that differences in ability do not always lead to lower overall effort (Pedersen et al., 

2017; Drugov, Ryvkin, 2025).

3. The models of single- and double- elimination tournaments

3.1. Participants

Consider an elimination tournament for 4 players with some rules which will 

be specifi ed below. Players are heterogeneous in their abilities or talents. Their differ-

ence is modeled by different prize evaluations (Moldovanu, Sela, 2001). Here we have 

the fi rst place prize only, then without loss of generality we can rearrange prize evalua-

tion in the following way: V V Vn1 2≥ ≥ ≥... , where player 1 is the strongest, while player n 

is the weakest. Vi is referred as the strength of player i .

There are two types of players in the tournament:

– a superstar is a player with the strength V1 1= >α , he is unique;

– a regular player is a player with the strength Vi = 1, i = 2 3 4, , . All players except 

the superstar are regular, they are weaker.

Note that the setting also allows for considering α ≤ 1, and this situation may be 

interpreted as the presence of a single weak player or a newbie.

3.2. A single match organization

Consider a match between player i  and player j . They simultaneously and inde-

pendently choose their effort levels. Denote by eit  the efforts of the player i  against 

player j  in round t. Let Pit be the probability of winning match t  by player i  against 

player j  that is represented by the Tullock success function: P e e eit it it jt= +( )/ , where 

reciprocally e jt is the level of efforts that player j  exerts against player i.

Efforts generate costs for players. Assume that the costs are represented by a linear 

function c e e( ) = . Finally, player i solves the following maximization problem in match t:
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where Vit'
* and Vit''

* is the maximum expected value that player i  can get if he wins or loses 

the match, respectively. From Chen B., Jiang X. and Wang Z. (Chen, Jiang, Wang, 

2021) one learns the equilibrium efforts.

Proposition 1 (Chen, Jiang, Wang, 2021). The equilibrium efforts in match t  

between players i  and j  who simultaneously and independently choose efforts in a tournament 

with the Tullock success function and the linear cost function are given by:
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This proposition holds also for asymmetric players, with Vit'
* may not be equal V jt'

*.
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3.3. Single- elimination tournament (SET)

Consider a single-  elimination tournament (SET) for four players (Fig. 1). There 

are three matches in a 4-player tournament. After the fi rst defeat, the player is out. The 

player who loses in the fi nal takes second place. Players who are eliminated in the fi rst 

rounds take 3–4 places.

Matches during the tournament 

can take place simultaneously or sequen-

tially. We will consider classical tourna-

ments (see (Huang, 2016)), in which 

the matches take place simultaneously 

if there are at least two matches in this 

part of the tournament. Argumentation 

of Huang L. (Huang, 2016) is based on 

the players’ homogeneity, which leads to 

the fact that the order of matches doesn’t 

matter. Simultaneous matches can also be 

considered in terms of disclosure. That 

is, matches can be played sequentially, 

but the players do not know which oppo-

nent they can hit or do not have time to 

change the equilibrium level of efforts when they fi nd out. In this case, the matches are 

numbered according to the scheme from top to bottom and from right to left during 

the tournament, that is, fi rst the matches within one round are numbered, and then 

the matches of the next round are numbered. The scheduling issue with sequential 

matches will be dealt with separately in Appendix (A1).

The multistage model of the entire tournament is solved by backward induc-

tion. The solution begins with the fi nal match. After this, we can estimate the expected 

payoff for the players in the previous step accounting for the expected (not guaranteed) 

prize at the fi nal, and recursively solve the entire tournament. We put all the interme-

diate derivations in Appendix (A2). The equilibrium characteristics such as the sum of 

efforts and the probabilities of winning the tournament will be discussed in Section 4.

3.4. Double- elimination tournament (DET)

The double- eliminatio n tournament (DET) consists of the upper and lower 

brackets. We consider the classic version with 4 players (Fig. 2), in which all players are 

in an equal position and start from the upper bracket (Huang, 2016). In any knockout 

tournament, the player is eliminated from the tournament after the second defeat. 

After the fi rst defeat, he still continues participating in the tournament in the lower 

bracket. The games are played in the order shown in Fig. 2. That is, we believe that in 

the fi rst round, the games go in parallel and the players do not know in advance which 

opponent they can meet in the next round.

The fi nal of DET is similar to that in SET. However, the probability of meeting 

the superstar in the fi nal is different (Table 1).

DET raises the likelihood of meeting the superstar in the fi nal compared to 

SET. This is a possible argument in favor of DET, if the organizer cares about reducing 

Figure 1.
Tournament structure for single- elimination 
tournament with 4 players
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Figure 2.
Tournament structure for double- elimination tournament with 4 players

the chance of a strong player loss or drop-

ping out of the tournament before the 

fi nal. But if the probability of meeting the 

superstar in the fi nal becomes too high, 

then it may be less interesting to watch the 

starting matches of the tournament.

The round immediately preced-

ing the fi nal is the lower bracket fi nal, and 

the winner of this match gets the oppor-

tunity to participate in the upper bracket 

fi nal (hereinafter referred to as the fi nal). The structure of this match is similar to the 

semi-fi nals in a single- elimination knockout tournament for 4 players. However, now it 

is worth considering three options for possible events:

i) the superstar plays with the regular player;

ii) a regular player against another regular player, and in the fi nal the winner 

of this pair waits for the superstar;

iii) a regular player against another regular player, and in the fi nal the winner 

of this pair waits for the regular player.

The implementation of one of the options depends on how the players play in 

the previous matches. In addition, since the rounds are played sequentially, the players 

have already known whom they meet in the fi nal.

In the third round, the semi-fi nal of the upper bracket takes place. Now the 

match is slightly different, that is, in case of a defeat, a player does not receive a zero, 

as happens in the case of the fi nal and all matches of the lower bracket (as well as in all 

matches of the single- elimination tournament). The prize for losing is now equal to the 

player’s expected payoff in the lower bracket fi nal. However, as we know from (Leaser, 

Rosen, 1981), only the difference between the prizes matters to the players.

Table 1.

Probability to meet the superstar at the 

fi nal for different types of tournaments

α SET DET

0.9 0.45 0.39

1.0 0.5 0.5

1.44 0.67 0.79

2.0 0.78 0.91
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We assume that the semifi nal of 

the lower bracket is organized before 

the semi-fi nal of the upper bracket. 

Tournament organizers usually try to play 

matches consecutively so as not to split the 

spectators. However, the upper bracket 

quarter- fi nals are assumed to be played 

simultaneously. This refl ects that the play-

ers do not know their future opponents. 

By analogy with the SET case, simultane-

ous or sequential quarter- fi nals are strate-

gically equivalent.

It follows from Fig. 3, that for 

a regular player who was not seeded with 

a superstar at the beginning of the tour-

nament, it makes no sense to deliber-

ately lose in the fi rst round since she will 

receive a smaller expected payoff in this 

case at any α.

4. Comparison of different tournament types
Firstly, consider several well-known objective functions of a tournament designer: 

the total efforts, the average total efforts and the probability that the strongest player will 

win the tournament. The fi rst and third were discussed in (Groh et al., 2012).

The total combined efforts of the players can be a proxy for the tournament 

designer’s revenue. However, looking at the overall efforts separately sometimes 

does not refl ect the true picture, as different tournaments have different numbers of 

matches. So we introduce a third metric, the average total efforts, which shows how 

much efforts are generated on average in each match. This normalization, in particu-

lar, allows comparing the tournaments with the different numbers of participants, and, 

as a result, — of different lengths. For the same number of players, it adds additional 

understanding of the performance for different types of elimination tournaments, 

requiring a different number of matches.

The probability that the strongest player will win the tournament is responsible 

for the “fairness” of the tournament. It is quite obvious that the strongest player should 

win the tournament with a higher probability than her weaker opponents. This met-

ric is reasonable for a tournament organizer whose main goal is to select the strongest 

player through the tournament mechanism.

4.1. The total efforts and the average total efforts per match

The total efforts in DET occur to be greater than in SET, if the superstar strength 

does not exceed the strength of regular players dramatically. In this case, the fact that the 

number of matches in DET is larger explains the cumulative effect of large efforts. But 

with a growth of the superstar power level above 2.153, the situation changes (Fig. 4). The 

large difference in strengths leads to demotivating players to put in large efforts, since the 

Figure 3.
Expected payoff that regular player can get at upper 
bracket and lower bracket semi-fi nals
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chance of winning twice against the superstar is too low. This is what can be considered 

as the strategic source of the discouragement effect mentioned in the literature review.

From this fi gure, one can note that total efforts in DET are only a bit greater 

than in SET (when they do), while the number of matches in DET is twice greater. This 

explains that the average total efforts, accounting for the duration of the tournament, 

are always greater in SET, i. e. on average SET is more spectacular (Fig. 5).

As we show above, matches closer to the fi nal are more spectacular. From this 

point of view, since SET is shorter, all its matches are closer to the fi nal compared to DET.

Finding 1. When a superstar is not more than twice stronger than regular par-

ticipants, DET stimulates greater total efforts than SET. However, per match efforts are 

greater under SET for any strength of a superstar.

The results demonstrate that the choice of the tournament format is not so 

obvious, and in some cases the designer who cares about the total efforts may prefer 

DET even if it is less spectacular in separate matches.

4.2. Probability of the superstar winning a tournament

DET provides a second chance to 

every player who defeats once, — this is 

one of the arguments behind DET. This 

makes double failure for the superstar 

almost impossible in DET, and thus her 

probability of winning the tournament is 

strictly greater in DET than in SET.

However, as can be seen from 

Fig. 6, the probability of winning by the 

superstar is far from 1 even in DET. This 

is due to lower efforts in the case of too 

strong leader, i. e. players balance their 

efforts and do not strive too tough as in 

equilibrium this is meaningless.

Figure 4.
The total efforts in SET and DET

Figure 6.
Probability of the superstar winning SET and DET

Figure 5.
The average total efforts in SET and DET
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Finding 2. Probability of a superstar winning a tournament is greater under 

DET for any strength of a superstar, but the victory is not guaranteed.

4.3. New tournament designer problem

The above consideration highlights the controversial arguments behind the 

two approaches, while intermatch competition is more intensive in SET, the total per-

formance is greater in DET, so as the predictability of the result. One more important 

aspect for the organizer, which is ignored under previous criteria, includes various 

costs that the organizer faces when conducting a tournament.

There may be a competition for the superstar attraction, which makes it costly, 

and the stronger the superstar is, the greater the fee is. This attraction costs may also 

depend on the number of matches that the superstar is expected to play in the tourna-

ment. Also, every match claims organization costs, together with the costs of the whole 

tournament, for instance, on the extended advertising company.

Consider the following objective function for the organizer. Suppose the tour-

nament organizer maximizes the expected profi t proportional to the performance 

measured by the total efforts. The revenue is given by TR ATET= ( )α , where TET α( ) is 

the expected total efforts, in a particular type of tournament T , and A > 0 is a parame-

ter refl ecting the relative importance of revenue with concerning costs.

The fi rst kind of costs are the costs of holding each match m, then they will 

work out for all matches N mT , where NT  is the number of matches in the particular 

tournament. The second kind of costs are the fi xed costs for the tournament F . The 

third kind are the costs of attracting the superstar cT α( ). Here we suppose that the 

attraction costs depend only on the strength of the superstar, but not on the tourna-

ment format, i. e. c cT α α( ) = ( ). This is for the simplifi cation since the incentives of the 

superstar may be different: under DET the superstar has to play more matches, but 

wins with higher probability which may compensate the duration. Additional natural 

assumptions are that c α( ) is a strictly increasing and convex function, i. e. ′( ) >c α 0  and 

′′( ) >c α 0 for all α >1.

Then the objective function of the tournament organizer is given by

   Π α α α( ) = ( )− ( )− −A TE c N m FT T .   (3)

This is equivalent to solving the following maximization problem:

  max max
T T T TTE c N m F A

, ,
/ .

α α
α α α( ) = ( )− ( )+ +( ){ }  (4)

If the weight A of the efforts importance is large enough, then this function 

reaches the maximum at some level of the superstar talents. However, the interplay 

between weight parameters and the tournament format may provide different recom-

mendations both for the optimal strength of the superstar and the elimination format. 

The example below provides intuitive patterns.

Finding 3. Accounting for different potential costs of a tournament organizer 

makes the choice of the preferred format more complicated. Per-match costs shift the 

choice in favor SET, while the large care about performance supports DET. The desira-

ble strength of a superstar is limited and different under both formats.

Example. Let the fi xed costs be zero. Assume that the relative costs of the super-

star attraction are given by the quadratic function c Aα α α( ) = +/ . .0 1 0 025 2. Consider 
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two cases: when the match organization is costless and when these costs are positive, 

m A/ .= 0 05.

Fig. 7 demonstrates that different elimination formats are differently profi table 

for the organizer. When the match organization is costly, the designer minimizes the 

number of matches and prefers SET. Moreover, the maximums in ± under SET and 

DET do not coincide, and under SET the designer attracts a stronger superstar since 

the gain from additional efforts prevails over the losses from the attraction.

If the match organization is free of charge, then DET becomes a more prefera-

ble format, since it generates larger total efforts under the same level of the superstar. 

However, accounting for the attraction costs, the organizer will invite the less produc-

tive superstar in DET than in SET, since the economy on attraction costs is larger than 

the gain from a bit greater performance.

5. Discussion: inviting more players
As one can see, in SET and DET, the organizer may reach different perfor-

mances of the tournament, but organizing different numbers of matches, 3 versus 6. 

The DET is twice as long as SET and requires more time slots for organization. If the 

time for the tournament is limited by external reasons, then the schedule in SET may 

look too sparse in comparison with DET if the designer wants to fi ll in the all available 

slots. In this case, the organizer may consider inviting more regular players to enrich 

the schedule.

SET with 8 players requires 7 matches (Fig. 8), and therefore may be a more 

competitive alternative for 4-player DET. Again, assume that there is the unique super-

star of the strength α and 7 symmetric regular players. All quarter- fi nals and semi-fi nals 

take place simultaneously.

Figure 7.
Composed objective function of the tournament designer with the quadratic attraction function and positive 
m A/ .=( )0 05  and zero costs (m A/ .= 0 00) of match organization
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5.1. Final game

The fi nal is similar to SET with 4 players, but the probability of meeting the 

superstar in the fi nal is lower. The reason is that, to reach the fi nal, the superstar needs 

to win not only the semi-fi nal (and these probabilities are equal in SETs with 4 and 

8 players), but also to win the additional match, i. e. the quarter- fi nal. Generally, the 

longer the tournament, the smaller the chance to meet the superstar in the fi nal.

Proposition 2. In SET with n ≥ 2 players with the superstar, the probability that the 

superstar will play in the fi nal is greater than for the same tournament with 2n players.

P r o o f. The tournaments with n players have the log2n  rounds. The tourna-

ments with 2n players have log log log2 2 22 2n n= +  rounds, which is greater by one than 

for tournaments with n players. The fi rst log2n rounds are identical, therefore, the 

superstar needs to play one more round in a tournament with 2n players, and the prob-

ability to win this round is strictly less than 1 (it is equal to 1 only if all others evaluate 

the prize as 0). Thus, the total probability of winning a longer tournament is lower. 

5.2. Semi-fi nal games

In the semi-fi nal games, two situations can arise: when only regular players sur-

vive in the tournament or one of the semi-fi nals will be held with the superstar. The 

fi rst type is similar to the tournament with 4 homogeneous players and is solved by 

Huang L. (Huang, 2016). The second one is SET with 4 players, discussed in Section 3. 

The probability of meeting the second option is equal to the probability of winning the 

fi rst round by the superstar. As the strength of the superstar increases, the probability 

of meeting her in the semi-fi nals also grows.

5.3. Quarter- fi nal games

We assume that 4 quarter- fi nal games are taking place simultaneously. The het-

erogeneity of players arises as a result of seeding. In the quarter- fi nals, players can be 

divided into 4 types:

s) the superstar;

r1) a regular player who plays with the superstar now;

Figure 8.
SET structure with 8 players
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r2) a regular player who plays with 

a regular player but can face the superstar 

in the semi-fi nal;

r3) a regular players who only have 

a chance to face the superstar in the fi nal.

The probabilities for each type of 

winning the tournament are presented in 

Fig. 9.

The player who has to play with 

a superstar in the fi rst round is in the 

worst situation, and this player defeats 

immediately with high probability. In 

the best position are the players who are 

seeded into the opposite branch of the 

tournament and have a chance to face 

the superstar only in the fi nal. The inter-

mediate position is for the players who 

could meet the superstar in the semi-fi nal 

games. It can be concluded that the more distant is the player from the superstar in the 

tournament bracket, the better are the chances of this player.

5.4. Comparison of SET-8 with 4-player tournaments

It is quite clear, that because of the larger number of matches, the total efforts 

in SET-8 are greater than in SET-4 and DET-4. The reverse relation holds for the aver-

age total efforts. The probability of winning the tournament for the superstar is lower 

in DET-8 than in two other formats.

The situation becomes more interesting when the designer cares about the 

organizational costs. If we turn back to the Example from Section 4, it occurs that, for 

costly matches (Fig. 10), inviting 8 players is benefi cial only if the level of the superstar 

is very high and the organizer cannot invite a less productive superstar. When the opti-

mal choice of α is also allowed together with the tournament format, SET-4 is the best 

option.

When the costs are limited only to the attraction costs (Fig. 10), then SET-8 

becomes the most preferable format for the organizer. Indeed, the costs of attraction 

do not depend on the length of the tournament, while the performance is greater with 

8 players. The problem is that the attraction costs produce bad incentives for the organ-

izer, and inviting a player equal to others becomes more profi table than overpaying for 

the superstar.

Thus, the solution with inviting a larger number of participants occurs to be 

less successful in comparison with playing with the format of elimination and the accu-

rate choice of the superstar qualifi cation.

Figure 9.
Probability of winning a SET-8 for different types of 
players
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6. Conclusion
We investigated two formats of elimination tournaments and studied the equi-

librium behavior of participants. The presence of a superstar provides a prior heter-

ogeneity in the tournament, but we fi nd even more heterogeneity stemmed from the 

seeding and the format. Accounting for all these factors, like seeding, format, and 

strength, makes the analysis non-trivial and the intuition about the advantages of dif-

ferent formats ex-ante unclear, though their deep understanding is required for the 

tournament designer.

We confi rmed that in a double- elimination tournament the total effort level is 

higher than in a single- elimination tournament as shown by Huang L. (Huang, 2016). 

However, most of the increase comes from the increased number of matches and if we 

compare the average effort, things become less clear.

We take two well-known optimization criteria for the organizer and suggest the 

new one, including the costs of conducting the match and the attraction of a super-

star. We see that the optimal organizer’s choice varies with the strength of a superstar. 

Figure 10. 
Comparison of SET-8 with 4-player tournaments: A — total efforts; B — average total efforts; С — probability 
of the superstar winning the tournament; D — designer profi t
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Under the criteria based on the average efforts, SET format is generally more prefera-

ble, while caring about the superstar winning recommends choosing DET. The devel-

oped models also allow estimating the optimal level of the attracted superstar, since 

a too strong player is costly for the organizers and demotivates other participants to put 

on competitive efforts.

The limited number of tournament participants is enough to model the fi nal 

part of a tournament, which is the most important and entertaining. That is why for 

the designer, the optimization problem arises sharply, and our recommendations are 

useful for the rational choice and for stimulating higher performance. This is not the 

area where the blind experiments are possible and painless because of the large budg-

ets and visibility of the events. The strong analytic theory behind the policy decisions in 

this area is what may improve the championships for all sides: participants, spectators, 

organizers, and sponsors.

The application of the corresponding tournament theory is reasonable for 

modeling labor contracts. In times of extra-high top managers’ wages and extremely 

complicated hiring processes, the optimal mechanism is highly desirable. Our paper 

proposes a valid implication on the optimal system of competition process depending 

on the strength of an ex ante preferred job candidate in order to extract the maximal 

efforts from participants and to properly account for associated costs.

APPENDIX
A1. On the schedule equivalence

Let’s look more carefully at different scheduling options. The fi rst version of 

the schedule is when two matches of the semi-f inals are played simultaneously, and 

it is considered above. The second version organizes the semi-fi nal with a superstar 

before the semi-fi nal with two regular players. In the third version, the semi-fi nal with 

the superstar is played after the semi-fi nal with the regular players (Fig. A1).

Figure A1.
Scheduling for semi-fi nal at SET4: versions with simultaneously and sequentially playing semi-fi nals
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Proposition 3. In the 4-player SET with a superstar, where players have the linear costs 

and the Tullock success function, the following statements hold for a risk-neutral tournament 

organizer:

1) tournament versions 1 and 3 are equivalent;

2) tournament versions 1 and 2 are equivalent.

P r o o f. For (1), the equivalence is due to tournament structure and disclosure 

of the result for the match between regular players. In the fi rst round, the regular player 

wins, but this information is available to the other pair during simultaneous games 

since the same players play in the fi rst round. It turns out that in the fi rst round no new 

information is disclosed. On the other hand, for the participants of the fi rst round it is 

still not known who their opponent will be. Therefore, as in the case of simultaneous 

matches, they weigh their expected payoff by probabilities. It turns out that the behav-

ior of the fi rst couple does not change, since they play fi rst. And the behavior of the 

second pair does not change, since they do not receive any new information. The fi nal 

match does not depend on the order of the semi-fi nals, so the actions of the players do 

not change in it either.

For (2), nothing changes in the fi rst match of SET, as the players do not receive 

new information. But the behavior of the players in the second round changes. Denote 

by EVsr 0 the expected payoff that a regular player (r) expects to receive in the semi-fi -

nals (s) if the superstar lost (0). Index 1 means that the superstar has won. Similarly, 

we introduce equilibrium efforts for regular players esr 0. Denote by Pss the probability 

of the superstar winning the semi-fi nal. Then the equilibrium parameters are given in 

the Table A1.

Table A1.

Payoffs and efforts in the semi-fi nals in SET with schedules 2 and 1

Equilibrium 
characteristic

Sequentially 
(version 2)

Simultaneously

EVsr 0 EV fr 0 P EV P EVss fr ss fr1 01+ −( )
EVsr 1 EV fr 1 P EV P EVss fr ss fr1 01+ −( )
e sr 0 0 25 0. EVsr 0 25 11 0. P EV P EVss fr ss fr+ −( )( )
e sr 1 0 25 1. EVsr 0 25 11 0. P EV P EVss fr ss fr+ −( )( )

We see that, in version 2, there are two scenarios of the fi rst semi-fi nal: when 

the superstar wins this match and when loses it. This leads to two different cost options 

depending on the previous outcome. For a risk-neutral tournament organizer, the 

total expected efforts will be unchanged, and for this match, they will be equal to 

0 25 1 21 0. P EV P EVss fr ss fr+ −( )( )× . Thus, it turns out that for the tournament organizer 

versions 1 and 2 are equal, while the efforts chosen by the players will be different. The 

behavior of the players in the fi nal will not change. 

The risk-neutrality of the tournament organizer was crucial for Proposition 3. 

However, there are situations in which the attitude of the tournament organizer to risk 

is different. For example, if the organizer wants to get some kind of sponsorship con-

tract, then one may prefer the fi rst option of the tournament, as it is more stable in 

terms of overall efforts, which can serve as a proxy for the entertainment of the tourna-
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ment. Or if the tournament organizer doesn’t run many tournaments (which is usually 

the case), organizer may also want more stable scenarios.

A2. Derivations for SET

Final

In the fi nal, two types of situations can be met superstar vs regular and regular 

vs regular. The Table A2 shows the equilibrium parameters for different types of fi nals. 

For all α >1, the total equilibrium efforts are greater for a superstar- versus-regular fi nal. 

In matches where the total strength of the players is higher, they spend more efforts, 

which produces a more spectacular fi nal.

Table A2.

Equilibrium characteristics in the fi nal of a single- elimination 

tournament with 4 players

Equilibrium 
characteristics

Superstar (i) vs regular (j) Regular vs regular

ei
α α2 21/( )+ 0.25

e j
α α/( )1 2+ 0.25

TE* α α/ 1 +( ) 0.5

Pi α α/ 1 +( ) 0.5

Vit '
* α α3 21/( )+ 0.25

V jt '
* 1 1 2/( )+ α 0.25

Note. “*” Total efforts (TE) is the sum of all equilibrium efforts in the match or 

the tournament.

One can observe that the stronger player chooses  times more efforts. This 

pattern is always traced; the ratio of equilibrium efforts is equal to the ratio of strength 

levels.

The next step is to consider the semi-fi nals for different types of players. Assume 

that the semi-fi nals take place simultaneously. This adds a new, endogenous, source of 

heterogeneity among regular players depending on the tournament seeding: obvi-

ously, the regular player who has to play with the superstar in the semifi nal is in a worse 

position in comparison with two other regular players.

Semifi nal with a superstar

From the fi nal, we learn two facts:

1) if the superstar wins, she will face a regular player and will get α α3 21/( )+  in 

expectation;

2) if the regular player wins, she will face the other regular player and will 

get 0.25 in expectation. Because the expected gains from the fi nal have changed and 

do not coincide with the prize for the fi rst place, we may redefi ne the strengths of 

the players in the semifi nal. Thus, we deduce that with the growth of , the relation 

of strengths between the superstar and the regular opponent grows as 4 13 2α α/( )+ . 
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Fig. A2 illustrates that the difference in 

strength becomes higher in the semifi nal 

compared to the fi nal 3.

Remark 1. The reverse way to rep-

resent the same idea is to claim that play-

ers become closer in strength at the end 

of the tournament. For example, if player 

X is twice as good as player Y at the begin-

ning of SET, it means that player X is only 

1.44 times better at the end of the tourna-

ment. So, this may explain why matches 

become more spectacular towards the end 

of a tournament.

Denote 4 13 2α α β/( )+ = . Then 

the equilibrium efforts are given by 

es = +β β2 24 1/ ( ) ,er = +β β/ ( ) ,4 1 2  where 

index s  means the superstar, while r  means 

the regular player. The winning probabil-

ity for the superstar in this semi-fi nal is 

equal to Ps = +β β/( ).1
The probability Ps grows quite 

quickly, as it is shown in Fig. A3. But at 

the same time, it cannot be said that the 

chance of winning is 1 even for an α equal 

to 4, although with increasing  it tends 

to 1. For example, for  equal to 2 or 1.44, 

the probability of winning for a superstar 

is 0.78 or 0.67, respectively. This means 

that the superstar has a fairly high (more 

than 10%) chance of losing in the fi rst 

round. Also, if we look at the overall odds 

of winning a tournament, it will be even 

smaller, around 0.52 and 0.45 respectively. 

These values are still higher than 25% (random distribution of the prize), but in the 

fi rst case it is almost 50%, and in the second it is even less.

Semifi nal without a superstar

Both participants of this semifi nal face the superstar at the fi nal with the prob-

ability β β/ .1+( )  The expected prize for each of them is

   W :
( )

,=
+

×
+

+ −
+

⎛
⎝⎜

⎞
⎠⎟

β
β α

β
β1

1
1

1
4

1
12  (A1)

where β α α= +4 13 2/( ) .

Therefore, we obtain the equilibrium efforts e e Wi j= = / .4

3  Note that the setting also allows considering α ≤ 1, and this situation may be interpreted as the presence of one weak player, or 

newbie.

Figure A2.
The difference in strength in the semi-fi nal of SET 
in the match between a regular player and the 
superstar

Figure A3.
The winning probability of the superstar in the fi nal 
of SET
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A3. Discussion of the performance in SET

As the initial difference in strengths α  increases, the probability of winning the 

entire tournament for the superstar increases, while for all other players it decreases. 

At the same time, for the player who was unlucky to be seeded in the semifi nal with the 

superstar, this probability decreases faster. This is summarized in the Table A3.

Table A3.

Probability of winning SET for different types of players

Superstar
Regular seeded 
with superstar

Regular seeded 
with regular

0.9 0.21 0.28 0.26

1.0 0.25 0.25 0.250

1.44 0.45 0.17 0.194

2.0 0.52 0.11 0.185

Therefore, the non-random seeding of players creates the possibility of manip-

ulating the probability of winning for the participants. The tournament organizer can 

worsen the conditions for the player whom the organizer likes less. This can lead to the 

dissatisfaction of both players and spectators.

The total efforts increase monotonically with the growth of the superstar’s 

strength, while the growth rate slows down (Fig. A4). This means that it is profi table to 

invite a superstar to the tournament, but as the strength of the superstar increases, the 

returns decrease.

This motivates us to consider the normalized total efforts, which are the total 

efforts divided by the sum of all strengths 3 + α. The normalization relative to the sum 

of strengths refl ects that the equilibrium player efforts vary in a nonsynchronic way 

with the growth of α 4 and highlights the infl uence of the tournament format. Another 

way to interpret the normalized total efforts is to consider them as the ratio of average 

player effort to the average prize. Fig. A5 demonstrates that the normalized total efforts 

decrease fast starting from α ≈ 1 5. . Therefore, there exists an optimal balance between 

the strengths of a superstar and the performance of the tournament that should be 

4  In the opposite, the alternative normalizations using the number of players or the number of matches just multiply the total efforts 

to the constant and are not sensitive to the changes in agents’ behavior.

Figure A4.
Total efforts in SET

Figure A5.
Strength- normalized total efforts in SET
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accounted by the tournament organizer, i. e. it may not be profi table to invite a “super” 

superstar.

An interesting observation concerns the case of α < 1. One can see that the nor-

malized total efforts are maximal at α = 0 and close to it, which means that the weak-

est newbie is the best choice for the designer in this case. This is because the weak 

competitor intensifi es the competition among three regular players, and they are 

more motivated to win both in the semifi nal and in the fi nal, which increases their 

per-match efforts. In contrast, in the case of the strong superstar, the regular players are 

de-stimulated to put high efforts, which together with the large average price shrink 

the normalized total efforts. This contributes to our understanding of the potentially 

negative effect of a superstar in different sports disciplines mentioned in the discussion 

of related literature. In turn, the problem of an overpaid superstar is becoming more 

acute.
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Оптимальный дизайн турниров на выбывание 
с суперзвездой5

Аннотация. Турниры представляют собой широко распространенный способ 

организации конкуренции и выявления сильнейшего агента. В работе изучаются тур-

ниры на выбывание после первого и второго поражения с неоднородными игроками двух 

типов: несколько стандартных симметричных игроков и один суперзвезда. В каждом матче 

игроки одновременно выбирают уровни усилий, при этом вероятность победы вычисля-

ется в соответствии с функцией успеха Таллока, а функции издержек игроков в зависимо-

сти от усилий линейны. Рассмотрены ряд максимизационных критериев, разумных для 

организатора турнира: суммарные усилия участников, традиционно интерпретируемые 

как зрелищность турнира, вероятность победы сильнейшего игрока и взвешенная состав-

ная функции, учитывающая различные издержки организатора турнира. Показано, что в 

большинстве случаев турнир с выбыванием после второго поражения менее привлекате-

лен для организатора за исключением случая, когда для него приоритетна высокая веро-

ятность победы суперзвезды. Особое внимание уделено случаю экстремально сильного 

игрока-суперзвезды. Показано, что привлечение подобного игрока неоптимально для 

организатора как ввиду больших затрат на выплаты этому игроку, растущих с его силой, 

так и ввиду стратегического демотивирования других участников турнира прилагать высо-

кие усилия, что снижает общую зрелищность турнира. Исследование представляет цен-

ность для организаторов различных турниров, поскольку позволяет выбирать оптималь-

ный формат турнира и предсказывать его взаимосвязь с будущей зрелищностью. 
Ключевые слова: турниры на выбывание после первого и второго поражения, дизайн тур-

ниров, гетерогенные игроки, суперзвезда.
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