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ʇʝʯʝʨʩʢʠʡ ʉ.ʃ., 

ʉʇʙ ʕʄʀ ʈɸʅ, 

ʛ. ʉʘʥʢʪ-ʇʝʪʝʨʙʫʨʛ 

 

ʇʨʦʧʦʨʮʠʦʥʘʣʴʥʦʩʪʴ ʚ ʘʨʙʠʪʨʘʞʥʳʭ ʩʭʝʤʘʭ ʠ 

ʠʛʨʘʭ ʩ ʥʝʪʨʘʥʩʬʝʨʘʙʝʣʴʥʳʤʠ ʧʦʣʝʟʥʦʩʪʷʤʠ 

 

 ɺ ʜʘʥʥʦʤ ʜʦʢʣʘʜʝ ʤʳ ʦʩʪʘʥʦʚʠʤʩʷ ʥʘ ʧʨʦʙʣʝʤʝ ʦʧʨʝʜʝʣʝʥʠʷ ʧʨʦʧʦʨʮʠʦʥʘʣʴʥʳʭ 

ʨʝʰʝʥʠʡ ʜʣʷ ʠʛʨ ʩ ʥʝʪʨʘʥʩʬʨʘʙʝʣʴʥʳʤʠ ʧʦʣʝʟʥʦʩʪʷʤʠ (ʅʊʇ ʠʛʨ) ʠ ʘʨʙʠʪʨʘʞʥʳʭ ʩʭʝʤ, 

ʧʨʝʜʩʪʘʚʣʷʶʱʠʭ ʩʧʝʮʠʘʣʴʥʳʡ ʢʣʘʩʩ ʅʊʇ ʠʛʨ. ʂʘʢ ʧʠʰʝʪ ʇ.ʗʥʛ, çʧʨʦʧʦʨʮʠʦʥʘʣʴʥʦʩʪʴ 

ʛʣʫʙʦʢʦ ʫʢʦʨʝʥʠʣʘʩʴ ʚ ʟʘʢʦʥʳ ʠ ʪʨʘʜʠʮʠʠ ʢʘʢ ʥʦʨʤʘ ʨʘʩʧʨʝʜʝʣʠʪʝʣʴʥʦʡ ʩʧʨʘʚʝʜʣʠʚʦʩʪʠè 

(Young, 1994). ʃ.ʊʦʤʧʩʦʥ ʩʯʠʪʘʝʪ ʧʨʦʧʦʨʮʠʦʥʘʣʴʥʦʩʪʴ çʩʝʨʜʮʝʤ ʪʝʦʨʠʠ ʩʧʨʘʚʝʜʣʠʚʦʩʪʠè 
(Thomson, 1998). ʆʥʘ ʪʘʢʞʝ ʷʚʣʷʝʪʩʷ ʦʙʱʝʧʨʠʟʥʘʥʥʳʤ ʩʪʘʥʜʘʨʪʦʤ ʜʝʣʦʚʦʡ ʧʨʘʢʪʠʢʠ. 

 ɼʣʷ ʧʦʣʦʞʠʪʝʣʴʥʳʭ ʢʣʘʩʩʠʯʝʩʢʠʭ ʢʦʦʧʝʨʘʪʠʚʥʳʭ ʠʛʨ (ʊʇ ʠʛʨ) ʧʨʦʧʦʨʮʠʦʥʘʣʴʥʦʝ 

ʨʝʰʝʥʠʝ ʦʧʨʝʜʝʣʷʝʪʩʷ ʦʯʝʚʠʜʥʳʤ ʦʙʨʘʟʦʤ:  

                                  ὼὭ= ὺ 1,2
ὺ Ὥ

ὺ 1 +ὺ 2
, Ὥ= 1,2 . 

ʂ ʩʦʞʘʣʝʥʠʶ, ʜʣʷ ʊʇ ʠʛʨ ʩ ʯʠʩʣʦʤ ʠʛʨʦʢʦʚ, ʙ·ʣʴʰʠʤ, ʯʝʤ 2, ʦʧʨʝʜʝʣʝʥʠʝ 

ʧʨʦʧʦʨʮʠʦʥʘʣʴʥʦʛʦ ʨʝʰʝʥʠʷ ʫʞʝ ʩʪʘʥʦʚʠʪʩʷ ʜʘʣʝʢʦ ʥʝ ʩʪʦʣʴ ʦʯʝʚʠʜʥʳʤ, ʧʦʩʢʦʣʴʢʫ ʥʝ 

ʷʩʥʦ, ʯʪʦ ʦʟʥʘʯʘʝʪ ʧʨʦʧʦʨʮʠʦʥʘʣʴʥʦʩʪʴ ʚ ʪʦʤ ʩʣʫʯʘʝ, ʢʦʛʜʘ ʚʦʟʤʦʞʥʦ ʦʙʨʘʟʦʚʘʥʠʝ 

ʧʨʦʤʝʞʫʪʦʯʥʳʭ ʢʦʘʣʠʮʠʡ. ʇʝʨʚʦʝ ʪʘʢʦʝ ʨʝʰʝʥʠʝ, ʧʨʦʧʦʨʮʠʦʥʘʣʴʥʦʝ n-ʷʜʨʦ, ʚʚʝʣ 

ɾ.ʃʝʤʝʨ (Lemaire, 1991), ʠʩʧʦʣʴʟʦʚʘʚ ʦʪʥʦʩʠʪʝʣʴʥʳʡ ʵʢʩʮʝʩʩ  er(S,x,v)=(v(S)ïx(S))/v(S)  

ʚʤʝʩʪʦ ʩʪʘʥʜʘʨʪʥʦʛʦ ʵʢʩʮʝʩʩʘ e(S,x,v)=v(S) ï x(S). ʆʪʤʝʪʠʤ ʟʜʝʩʴ ʩʨʘʟʫ ʞʝ, ʯʪʦ 

ʦʪʥʦʩʠʪʝʣʴʥʳʡ ʵʢʩʮʝʩʩ ʧʦʨʷʜʢʦʚʦ ʵʢʚʠʚʘʣʝʥʪʝʥ ʧʨʦʧʦʨʮʠʦʥʘʣʴʥʦʤʫ ʵʢʩʮʝʩʩʫ v(S)/x(S). 

 ɼʨʫʛʦʝ ʧʨʦʧʦʨʮʠʦʥʘʣʴʥʦʝ ʨʝʰʝʥʠʝ, ʢʦʪʦʨʦʝ ʤʦʞʥʦ ʨʘʩʩʤʘʪʨʠʚʘʪʴ ʢʘʢ 

ʩʦʛʣʘʩʦʚʘʥʥʦʝ (ʚ ʩʤʳʩʣʝ ʍʘʨʪʘ ï ʄʘʩ-ʂʦʣʝʣʣʘ) ʧʨʦʜʦʣʞʝʥʠʝ ʧʨʦʧʦʨʮʠʦʥʘʣʴʥʦʛʦ 

ʨʝʰʝʥʠʷ ʜʣʷ ʠʛʨ ʜʚʫʭ ʣʠʮ ʥʘ ʠʛʨʳ n ʣʠʮ ʙʳʣʦ ʦʧʨʝʜʝʣʝʥʦ ʥʝʟʘʚʠʩʠʤʦ ɹ.ʌʝʣʴʜʤʘʥʦʤ 

(Feldman, 1999) ʠ ʂ.ʆʨʪʤʘʥʥʦʤ (Ortmann, 2000). ɽ.ʗʥʦʚʩʢʘʷ ʦʧʨʝʜʝʣʠʣʘ 

ʧʨʦʧʦʨʮʠʦʥʘʣʴʥʦʝ ʨʝʰʝʥʠʝ, ʚʟʷʚ ʟʘ ʦʩʥʦʚʫ ʧʨʦʧʦʨʮʠʦʥʘʣʴʥʳʡ ʵʢʩʮʝʩʩ (ʩʤ., ʇʝʯʝʨʩʢʠʡ, 

ʗʥʦʚʩʢʘʷ, 2004). 

 ɼʣʷ ʅʊʇ ʠʛʨ ʩʠʪʫʘʮʠʷ ʩʪʘʥʦʚʠʪʩʷ ʛʦʨʘʟʜʦ ʩʣʦʞʥʝʝ. ʕʪʦ ʩʚʷʟʘʥʦ, ʚ ʧʝʨʚʫʶ ʦʯʝʨʝʜʴ, 

ʩ ʪʝʤ, ʯʪʦ ʜʣʷ ʅʊʇ ʠʛʨ ʦʪʩʫʪʩʪʚʫʝʪ ʦʙʱʝʧʨʠʥʷʪʦʝ ʦʧʨʝʜʝʣʝʥʠʝ ʵʢʩʮʝʩʩʘ, ʢʘʢʦʚʳʤ ʚ ʊʇ 

ʩʣʫʯʘʝ ʷʚʣʷʝʪʩʷ ʩʪʘʥʜʘʨʪʥʳʡ ʵʢʩʮʝʩʩ ʠʣʠ ʝʛʦ ʤʦʜʠʬʠʢʘʮʠʠ, ʪʘʢʠʝ ʢʘʢ, ʥʘʧʨʠʤʝʨ, 

ʦʪʥʦʩʠʪʝʣʴʥʳʡ ʠʣʠ per capita ʵʢʩʮʝʩʩʳ. 

 ʆʙʱʠʡ ʧʦʜʭʦʜ ʢ ʦʧʨʝʜʝʣʝʥʠʶ ʵʢʩʮʝʩʩʘ ʜʣʷ ʅʊʇ ʠʛʨ ʙʳʣ ʧʨʝʜʣʦʞʝʥ ʕ.ʂʘʣʘʠ 

(Kalai, 1975, 1977). ʍʦʪʷ ʙʳʣ ʧʨʝʜʣʦʞʝʥ ʮʝʣʳʡ ʨʷʜ ʚʦʟʤʦʞʥʳʭ ʚʘʨʠʘʥʪʦʚ (ʧʦʜʨʦʙʥʦ ʦʙ 

ʵʪʦʤ ʩʤ., ʥʘʧʨʠʤʝʨ, ʇʝʯʝʨʩʢʠʡ, ʗʥʦʚʩʢʘʷ, 2004), ʜʦ ʩʠʭ ʧʦʨ ʵʪʘ ʧʨʦʙʣʝʤʘ ʦʩʪʘʝʪʩʷ ʦʜʥʦʡ 

ʠʟ ʢʣʶʯʝʚʳʭ ʧʨʠ ʠʩʩʣʝʜʦʚʘʥʠʠ ʅʊʇ ʠʛʨ. 

 ɸʚʪʦʨʦʤ ʙʳʣ ʧʨʝʜʣʦʞʝʥ ʚʦʟʤʦʞʥʳʡ ʧʦʜʭʦʜ ʢ ʨʝʰʝʥʠʶ ʵʪʦʡ ʧʨʦʙʣʝʤʳ, ʘ ʠʤʝʥʥʦ, 

ʚ ʜʫʭʝ ʧʦʜʭʦʜʘ ʂʘʣʘʠ ʙʳʣʦ ʜʘʥʦ ʘʢʩʠʦʤʘʪʠʯʝʩʢʦʝ ʦʧʨʝʜʝʣʝʥʠʝ ʧʨʦʧʦʨʮʠʦʥʘʣʴʥʦʛʦ 

ʵʢʩʮʝʩʩʘ ʜʣʷ ʅʊʇ ʠʛʨ, ʦʙʦʙʱʘʶʱʝʛʦ ʥʘ ʩʣʫʯʘʡ ʅʊʇ ʠʛʨ ʧʨʦʧʦʨʮʠʦʥʘʣʴʥʳʡ ʵʢʩʮʝʩʩ. ʕʪʦʪ 

ʵʢʩʮʝʩʩ, ʢʘʢ ʦʢʘʟʘʣʦʩʴ, ʦʙʣʘʜʘʝʪ ʮʝʣʳʤ ʨʷʜʦʤ ʟʘʤʝʯʘʪʝʣʴʥʳʭ ʩʚʦʡʩʪʚ, ʯʪʦ ʧʦʟʚʦʣʠʣʦ 

ʦʧʨʝʜʝʣʠʪʴ ʨʝʰʝʥʠʷ ʜʣʷ ʘʨʙʠʪʨʘʞʥʳʭ ʩʭʝʤ ʠ ʅʊʇ ʠʛʨ ʠ ʠʩʩʣʝʜʦʚʘʪʴ ʠʭ ʩʚʦʡʩʪʚʘ (ʩʤ. 

ʇʝʯʝʨʩʢʠʡ, ʗʥʦʚʩʢʘʷ (2004), Pechersky (2007, 2009)). 
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ʅʊʇ ʠʛʨʘ ï ʵʪʦ ʧʘʨʘ  (N,V), ʛʜʝ  N={1, 2,..., n }  - ʤʥʦʞʝʩʪʚʦ ʠʛʨʦʢʦʚ, ʘ  V  

ʤʥʦʛʦʟʥʘʯʥʦʝ ʦʪʦʙʨʘʞʝʥʠʝ, ʢʦʪʦʨʦʝ ʩʪʘʚʠʪ ʚ ʩʦʦʪʚʝʪʩʪʚʠʝ ʢʘʞʜʦʡ ʢʦʘʣʠʮʠʠ  S Ë N  

ʤʥʦʞʝʩʪʚʦ ʜʦʩʪʠʞʠʤʳʭ ʚʝʢʪʦʨʦʚ ʚʳʠʛʨʳʰʝʡ  V(S), ʫʜʦʚʣʝʪʚʦʨʷʶʱʝʝ ʩʣʝʜʫʶʱʠʤ 

ʩʚʦʡʩʪʚʘʤ:  

 (1) V(S)Ë R
S
 = {  xÍ R

N
 : x I = 0   for  iÎS };  

 (2)  V(S)  ʥʝʧʫʩʪʦ, ʟʘʤʢʥʫʪʦ, ʠʩʯʝʨʧʳʚʘʶʱʝ ʠ ʦʛʨʘʥʠʯʝʥʦ ʩʚʝʨʭʫ.  

ʈʘʩʩʤʦʪʨʠʤ ʩʣʝʜʫʶʱʝʝ ʧʨʦʩʪʨʘʥʩʪʚʦ ʅʊʇ ʠʛʨ CG+ : ʅʊʇ ʠʛʨʘ (N,V)Í CG+ ʪʦʛʜʘ ʠ 

ʪʦʣʴʢʦ ʪʦʛʜʘ, ʢʦʛʜʘ ʜʣʷ ʣʶʙʦʡ ʢʦʘʣʠʮʠʠ  SËN  (a) ʤʥʦʞʝʩʪʚʦ V(S) ʧʦʣʦʞʠʪʝʣʴʥʦ 

ʧʦʨʦʞʜʝʥʦ, ʪ.ʝ. V(S) = (V(S) Æ R
S
+) ï R

S
+ ʠ  V+(S) = V(S) Æ R

S
+ ʷʚʣʷʝʪʩʷ ʢʦʤʧʘʢʪʥʳʤ 

ʤʥʦʞʝʩʪʚʦʤ, ʠ ʢʘʞʜʳʡ ʣʫʯ Lx = {l x : l ² 0 },  x  ̧ O=(0,é,0) ʧʝʨʝʩʝʢʘʝʪ ʛʨʘʥʠʮʫ 

ʤʥʦʞʝʩʪʚʘ  V(S) ʥʝ ʙʦʣʝʝ ʦʜʥʦʛʦ ʨʘʟʘ; (b) O  ʷʚʣʷʝʪʩʷ ʚʥʫʪʨʝʥʥʝʡ ʪʦʯʢʦʡ ʤʥʦʞʝʩʪʚʘ 

V^(S)=V(S) Ĭ R
N\S 

. 

ɿʘʤʝʯʘʥʠʝ 1. ʆʪʤʝʪʠʤ, ʯʪʦ ʧʨʦʩʪʨʘʥʩʪʚʦ  CG+  ʩʦʜʝʨʞʠʪ ʚ ʢʘʯʝʩʪʚʝ 

ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʘ ʧʨʦʩʪʨʘʥʩʪʚʦ CG
nl

+ ʙʝʟʫʨʦʚʥʝʚʳʭ ʅʊʇ ʠʛʨ, ʜʣʷ ʢʦʪʦʨʦʛʦ ʫʩʣʦʚʠʝ (a) 

ʟʘʤʝʥʝʥʦ ʪʨʘʜʠʮʠʦʥʥʳʤ ʫʩʣʦʚʠʝʤ ʙʝʟʫʨʦʚʥʝʚʦʩʪʠ:   ʝʩʣʠ  x, y Í µV(S) Æ R
S
+  ʠ  x ²  y , ʪʦ  

x = y , ʢʦʪʦʨʦʝ ʛʦʚʦʨʠʪ, ʯʪʦ   µV(S) Æ R
S
+  ʥʝ ʩʦʜʝʨʞʠʪ ʦʪʨʝʟʢʦʚ, ʧʘʨʘʣʣʝʣʴʥʳʭ 

ʢʦʦʨʜʠʥʘʪʥʳʤ ʛʠʧʝʨʧʣʦʩʢʦʩʪʷʤ. 

ʇʫʩʪʴ  V Í CG+ - ʧʨʦʠʟʚʦʣʴʥʘʷ ʠʛʨʘ. ʆʧʨʝʜʝʣʠʤ ʬʫʥʢʮʠʶ  hS : CG
S
+³ R

S
+ ­ R 

ʩʣʝʜʫʶʱʠʤ ʦʙʨʘʟʦʤ: 

        hS(V, x) = 1/ g(V(S), x
S
),                                                                                   (1) 

ʛʜʝ  g(W, y) = inf {l>0 : yÍlW } ï ʢʘʣʠʙʨʦʚʦʯʥʘʷ ʬʫʥʢʮʠʷ (ʄʠʥʢʦʚʩʢʦʛʦ)ʤʥʦʞʝʩʪʚʘ W . 

ʇʫʩʪʴ v ï ʧʦʣʦʞʠʪʝʣʴʥʘʷ ʊʇ ʠʛʨʘ, ʪ.ʝ. v(S) > 0 ʜʣʷ ʣʶʙʦʡ ʢʦʘʣʠʮʠʠ S. ʊʦʛʜʘ 

ʩʦʦʪʚʝʪʩʪʚʫʶʱʫʶ çʊʇ ʠʛʨʫè  VÍCG+  ʤʦʞʥʦ ʦʧʨʝʜʝʣʠʪʴ ʩʣʝʜʫʶʱʠʤ ʦʙʨʘʟʦʤ: 

  V(S) = {x Í R
S
+ : x(S) ¢ v(S)} ï R

S
+  .  

ʄʥʦʞʝʩʪʚʦ V(S) Ë R
S 

 ʙʫʜʝʤ ʥʘʟʳʚʘʪʴ ʠʛʨʦʚʳʤ ʧʦʜʤʥʦʞʝʩʪʚʦʤ, ʝʩʣʠ ʦʥʦ 

ʫʜʦʚʣʝʪʚʦʨʷʝʪ ʩʚʦʡʩʪʚʘʤ  (1) ʠ (2). ʇʨʦʩʪʨʘʥʩʪʚʦ, ʩʦʩʪʦʷʱʝʝ ʠʟ ʠʛʨʦʚʳʭ ʧʦʜʤʥʦʞʝʩʪʚ R
S
  , 

ʫʜʦʚʣʝʪʚʦʨʷʶʱʠʭ (a) ʠ (b) ʙʫʜʝʤ ʦʙʦʟʥʘʯʘʪʴ ʯʝʨʝʟ CG
S
+. 

ʇʫʩʪʴ HS : CG
S
+³ R

S
+ ­ R ï ʬʫʥʢʮʠʷ ʵʢʩʮʝʩʩʘ. ɺʚʝʜʝʤ ʩʣʝʜʫʶʱʠʝ ʘʢʩʠʦʤʳ (ʤʳ 

ʙʫʜʝʤ ʧʠʩʘʪʴ V ʚʤʝʩʪʦ V(S)). 

A1 (ʅʝʧʨʝʨʳʚʥʦʩʪʴ). HS(V, x) ʥʝʧʨʝʨʳʚʥʘ ʧʦ V ʠ ʧʦ x  ̧ O . 

A2 (ʀʥʚʘʨʠʘʥʪʥʦʩʪʴ ʦʪʥʦʩʠʪʝʣʴʥʦ ʰʢʘʣ). ɽʩʣʠ  V Í CG
S
+, AÍR

S
++  ʠ A*V = {A*y : yÍ V }, ʪʦ 

                 HS(A*V, A*x) = HS(V, x), ʛʜʝ A*y=(A1y1, é, Anyn) .  

A3 (MIN-ʠʥʚʘʨʠʘʥʪʥʦʩʪʴ). ʇʫʩʪʴ V1, V2 Í CG
S
+ , ʪʦʛʜʘ  HS( V1 Æ V2 , x) = min { HS( V1 , x ), 

HS(V2 , x )}.  

A4 (MAX -ʠʥʚʘʨʠʘʥʪʥʦʩʪʴ). ʇʫʩʪʴ V1, V2 Í CG
S
+ , ʛʦʜʘ  HS(V1 Ç V2, x) = max { HS( V1 , x ), 

HS(V2 , x )}.  

A5 (ʇʨʦʧʦʨʮʠʦʥʘʣʴʥʦʩʪʴ ʜʣʷ ʊʇ ʠʛʨ). ʇʫʩʪʴ VÍCG+ ʩʦʦʪʚʝʪʩʪʚʫʝʪ ʧʦʣʦʞʠʪʝʣʴʥʦʡ ʊʇ 

ʠʛʨʝ v, ʪʦʛʜʘ  HS(V,x)=v(S)/x(S). 




